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Start Recording!



Usua| (:mal In M\.

Empirical Risk Minimization:

L= z; U(fo(xi),yi)
1=
2 perspectives: / \ Stoaastic
/ Deterministic \
(a.k.a., Batch)
min 5(6) minE o ~p, [¢(fo(z), y)]




Our Aljorijr L\m (Bajrcl\ Casd : Qra&ienjf Descenjr

-— | Descent Method!!'!!

Gradient|Descent:

Or1 =0 —nVg(0:)
/

Step-Size (a.k.a
learning rate)




Oujrline, \for (7raclie,njr De,sce,njr

 Standard assumptions
« Convergence in the convex case

« Convergence inthe strongly-convex case

(we will cover non-convex case later)



Convuijf J

A N

V01,04, a € [0,1], glabds + (1 — a)bs) < ag(r) + (1 — a)g(fs)
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Convexijr\\j wiH\ thlfe,re,njfia\)le, wfuncjrions




) C°nV?{¥iJfJ WiH\ Diq&r&nha\)lé fuhcjfion-"_ | .

N >

0y, 0o, ‘,5(92_) +4'(62) T (01 — 0) < fg'(91>



Convuijf\tj wiJr l\ Twice Aiﬂerenjﬁaue funchons




Emrcicw

Show that for convex functions {local minima} = {global minima}

Show that for differentiable functions def in Slides 6 and 7 are
equivalent.

Show that for twice differentiable functions def in Slides b and 7 are
equivalent.



SmooH\ness ancl Sjrronj Convuijrj

« A smooth function is a differentiable function with Lipschitz
gradients:

V01,02, ||[Vg(01) — Vg(02)|l2 < L||61 — 02]]
« |fthe function is twice differentiable we have:

v V4g(0) = LI,

smooth non—smooth

R




.SmfoH\ne‘ss ancl sjrronj Conv.m(i J




SmooH\ness ancl Sjrronj Convuijrj

« A function is strongly convex if:

V01,62, g(62) +9'(62)T (61— 62) + 51161 — 0] < g(61)

U

. If the function is twice differentiable we have:

VO  V2g(0) = plg

New term

strongly
convex convex




| Smoojr l\ne,ss an.cl Sjrronj ConvexiJfJ




SmooH\ness ancl Sjrronj Convuijrj

CONVEXITY AND SHMOOTHNESS

STRONG
CONVEXITY

CONNEXITY

Source: http://www.pokutta.com/




SmooH\ness ancl Sjrronj Convuijrj

ource : https://www.di.ens.fr/~fbach

(small p/L)

Large means close to 1{easy problem)

Small means close to 0 (harder problem)




Gradient

 Convergence in the strongly convex case (faster)

Descent:

-— | Descent Method!!'!!

Bac'( Jr 0 (:)raclie,njr De,sce,njf

Step-Size (a.k.a
learning rate)

Orr1 =0 —nVg(0:)

Today two main results (smooth function):

« Convergence inthe convex case (slower)




De,sce,n* M&H\OJ

Lemma on smooth function:

L

Descent!!!!

N
4 A

Descent Lemma:

¥t > 0,9 <1/L,  g(6is1) < g(6.) — 2|Vg(6,)]3

Exercice: Prove these two lemmas.



ijronjl\lj convex Case

0
Lemma for Strangly convex functions the function

0, [|Vg(0)]|% > 2u(g(0) — g*)

Convergence Result:
g(0) —g" < (1— 1) (9(6o) — g")

Exercice: prove this!



. COHV&)( Case | Point where the -
: = ieved .

9(915 ) H% 3
15

Exercice: prove this!



COYNQJ case Point where the
minis achieved

Lemmas for convex functions
* T >|</ 2
g(0:) —g" < Vg(b) (0 —0%) +nl[Vg(0:)][5

b3 1 * *
g9(0:) — g(87) < %(Hé’t — 0|5 — 1641 — 67|5)
Convergence Result (for the right step-size):

v 0o—0*2
9(6,) — g(67) < Wotl

Exercice: prove this!



. COHV&)( Case | Point where the -
: = ieved .

9(915 ) H% 3
15

Exercice: prove this!



SUNMGVJ Condition number: The quantity of interest
for convergence speed.

Strongly convex case: (Linear rate) o
g(0:) —g" < (1 - 1) (9(6o) — g")

Convex case: (Linear rate)

% L||6o—6* |3
g(0;) — g(07) < Hp=r]

Why care about rate?



_ Summar\tj | Condition number: The quantity of interest

for convergence speed.




\tlTS \.aS Aljorll\ S&&F(’,ij D&S(‘,&njf

Ht_|_1 — Qt —+ 77d d = arg min Vg(é’t)Td

ld]| <1

If the norm'is the L, norm then we recover gradient descent.
Exercice: what do we get if we use the L_ norm???

Remark: proof not trivial. A more natural extension is a penalized version:

Arbitrary norm!!!

1
0;11 := arg min Vg(é’t) (0 —6;) + %He _ HtH2

g cRd




Se,concl \.asjf Aljorijf l\n\‘ Pro\')e,cjfeé (:)ra&ie,njr De,sce,n*

\/
e (radient Descent + Projection step. "

0¢y1 = Po [Qt — 77V9(9t)]

e Steepest-descent version:

R4
©

: 1
Gr-v1 = arg min Vg(6,) (6 = 61) + 516 — 60|



Se,concl Lasjf A|jorijr lun* Proje,cjfe,A Gra&ienjr De,sce,njr

1
01 = in Vg(6;) ' (0 —0;) + —1|0 — 6,
t+1 arggg%}i 9(60:) " ( t)+2n|| tl



Conclusion

. Many different proofs
« Standard Assumption to get convergence Rates:

o Lipschitz gradient
! Not Valid in Deep-Learning
o  (Convexity

e Many variants:

Application: Adversarial Examples (next course)

o Projected Gradient Descent
o - Steepest Descent

For more: check the books in the next slides.
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