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Start Recording!



Reminclers

« Office Hours tomorrow with the TAs(11-12)

o Scribes notes of Lecture 7 and 9 are available.



Rmre,re,nces 1for Jfl\is |e,c+ure,=

Gidel, Gauthier, et al. "A variational inequality perspective on generative adversarial networks.
ICLR 2019

Mokhtari, Aryan, Asuman Ozdaglar, and Sarath Pattathil. "A unified analysis of extra-gradient and
optimistic gradient methods for saddle point problems: Proximal point approach." Internationa

Conference on Attificial Intelligence and Statistics. PMLR, 2020.

Azizian, Waiss, et al. "A tight and unified analysis of gradient-based methods for a whole spectrum o
differentiable games." International Conference on Artificial Intelligence and Statistics. PMLR, 2020.
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GOAL: m@m mq’ng 5(97 ¢)

Where the payoff is convex-concave.

Example: m@in mg?JX((g — 6)*)TA(§/) i ¢*)



N\

Simultaneous Gradient
Descent-Ascent (Sim-GDA):

(9t+1 =i = Noy

\th—l—l = ¢y + nb;

Summarj

Alternated Gradient
Descent-Ascent (Alt-GDA)

t+1 here????

((9754—1 — 0= 77¢t

\¢t+1 = ¢y + N0y



|

Proxi ma| Poinjr Me} l\oA

9t+1 — iy — 77v0£<9t+17 ¢t+1)
¢t+1 =y

NV L(0t41, Pry1)
\ /

Implicit Update: we need to
solve a non-linear System




Varia{ional Inequalijfj Pe,rsFe,ch IVe

We only ‘care’ about the gradient-based updates, i.e., the vector field:

o VoL(0y, 1)
F(0, 1) = <_V€¢£(9t?090t)>

Previous plots. We represented the joint space (6, ¢y )
More compact formalism:

Wt = (9t7¢t)




Sim-GDA:

Or1 =0y — 1oy
Gr+1 = Qf + N

Wit1 = wi — NF (wy)

{

Sumnary of fh V1P

Prox-Point:

Alt-GDA

9t+1 =0 — 77V9£ 9t+1, ¢t+1)
i1 = ¢t + NV L(Os 41, Pr41)

w1 = wy — NF (wet1)

|

9t+1 = 7y = 77§15t
Or41 = Or + N0 1

2999997



Sumnary of fh V1P

Sim-GDA: Prox-Point: Alt-GDA
HH’l = 01 — e Ory1 =0; —nVoL(Oi11, P141) QH‘l =0y =191
¢t+1 = ¢ + 10, P41 = ¢t + VL0141, Pry1) ¢t+1 ¢ + Nty

wrin=w @) e = e P ) R




VariaJr ional Inequalijfj Pe,rsFe,cjr IVe

Goal: Find a stationary point of the vector field:

Fw*) =0

In zero sum game: Equivalent to find a point with 0 gradient for each player

If the game is convex concave: equivalent to find a Nash!
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Proximal Point method:

W41 — Wt — 77F(wt+1)
|dea: Approximate Cdt_|_1 with a gradient step

wit1/2 = we — NF(we)



Etjrrajraclie,njf

Wit1/2 = wp — NF(wi)

Remark: Now the method is explicit!!!
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Exercice 1: Write the updates rules for EG for the following case

min max o - 6
y m¢x¢

Exercice 2: Show that for a small enough step-size:

0; + oi < p'(05 + ¢5) where 0<p<1
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Definition: Monotone operator

(Flw) = F(W),w—w) >0, VYw,uo

Intuition: Generalization of convexity.

Exercicel: Show that f is a convex function then V fis a monotone
operator.

min max 6 ' A¢ F(0,¢) = ( Ag )

-
Exercice2: For ¢ ¢ we have —A'0

ChAawnwrthat+tr E ic mAanntAan A



Injruijrion

Monotanicity implies: <F(w),w* — wt> > ()
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Example 2:

Example 1:
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Conve.rje,nce, 01f Eljfra (7raclie,njr ((3e,ne,ra| case)

Error due to discretization

| emma for Gradient Descent:

X
r >
10:11 — 6715 = 16: — 0*[|3 — 27.9(0:) ' (B — 0") + |01 — 6415
,\\ \ < J
Distance to the optimum LOo] ProgreSS-thankS 0
maonotonicity

/\ x :

;
lwir1 — w*||5 = Jlws — w*]|5 — 2nF (Wir1/2) " (Weg1/2 — w™)

L emma for EG:

tﬁQHF(thm) - F(Wt)Hg — Hwt+1/2 — WtH%
N

Error due to discretization




Conve.rﬂe,nce, 01f Ex{ra (7raclie,njr ((nne,ral case)

Lemma for Gradient Descent:

Error due to discretization

N

-

' N\
|G — 013 =110 — 0713 — 3779(9t)T(9t —0%) + ||0e41 — 6|3

~ J

p
lwirr — w*llz = flwe = w*ll2 = 20F (Wer1/2) " (Wer1/2 — W)

+n° || F
.

A

N

(Wt+1/2) — F(Wt)H% — Hwt+1/2 — WtHg

| ./
e |

Error due to discretization




N&&A JfO conJrro| H’\& EYYOY Te,rm

Error Term:

+E\ F(wt+1/2) — F(wt)Ug = Hwt+1/2 — Wt

Want this to be not too big Negative term!!!!

2
2

Lipschitz Operator:

|F(w) = F(w)]| < Lllw — ||
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Example 2:

Example 1:

Example 3:

—sign(y)
sign(x)
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Converﬂence E)(Jr ra(7raAiean

| emma for EG + Monotonicity:

Distance to the optimum

Local Progress thanks to
monotonicity

0

A

’
|werr = w*llz = llwe — w*|13 — 20F

FOPL? = Dllwerryz — welld

< Jlwe — w13

With small enough
step-size

N

(wt+1/2)T(Wt+1/2 —w”)

Error due to

discretization
controlled thanks
to Lipschitzness
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Definition: Strongly Monotone operator (generalization of strongly convex
functions)

(Fw) = F(w'),w — w') > pllw - o'|3
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Example 2:

Example 1:

Example 3:

F(w,y)z(
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Theorem: L-Lipchitz operator
. If The operator is strongly monotone: (for \eta = 1/4L)

Jwe — w2 < (1= 47)"lwo — w13

2. If the Operator is monotone: (be can get better than this)

lwe — w*||5 — 0



COYNQJ'j(’,nC& R&SUH

‘Theo-remﬂ: L—Lipchitz operator B
.. If The operator is strongly monotone: (for \eta = 1/4L)

Nwe = w7 < (1= 47) lwo — w12

Jlwe — w3 — 0



OFJrimieric Me,H\oA
Fxtragradient:
Wiy1/2 = wp — NF(wy)
Wt4+1 = W¢ — UF(WtH/z)

Idea: Since Wt ~= Wy_1 /2 and we have already computed F(wt_1/2)

Optimistic method:
Wt1/2 = Wt — 77F(<«dt—1/2)
W41 = Wt — 77F<Wt—|—1/2)



OPJrimieric me,H\oA
Optimistic method:
Wty1/2 — Wt — 77F(Wt—1/2)
Wt41 = Wt — UF(WtH/Q)

Equivalent formulation: (standard)

Wty1/2 = Wt—1/2 — 277F(wt—1/2) T UF(Wt—S/z)
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